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Àííîòàöèÿ
Èññëåäîâàí ìàññîïåðåíîñ ïðè îäíîìåðíîé èëüòðàöèè â íàñûùåííîé òðåùèíîâàòî-
ïîðèñòîé ñðåäå ïîäçåìíûõ âîä ðàçíîãî ñîñòàâà. Ó÷òåíà ðàñòâîðèìîñòü âåùåñòâà ïîðèñòîé
ìàòðèöû ïîä äåéñòâèåì æèäêîñòè, ïîñòóïàþùåé â ýòó ñðåäó ïî òðåùèíàì. Ñ èñïîëüçî-
âàíèåì ïðåîáðàçîâàíèÿ Ëàïëàñà íàéäåíî àíàëèòè÷åñêîå ðåøåíèå çàäà÷è îá îïðåäåëåíèè
êîíöåíòðàöèè ðàñòâîðà, îáðàçóþùåãîñÿ ïðè òàêîì ìàññîïåðåíîñå. Ïðèâåäåíû ðåçóëüòàòû
ñîîòâåòñòâóþùèõ ðàñ÷åòîâ ðàñïðåäåëåíèÿ êîíöåíòðàöèè â ðàçëè÷íûå ìîìåíòû âðåìåíè.
Êëþ÷åâûå ñëîâà: ñîñòàâ ïîäçåìíûõ âîä, çàãðÿçíåíèå, òðåùèíîâàòî-ïîðèñòàÿ ñðåäà,
ìàññîïåðåíîñ, êîíöåíòðàöèÿ ðàñòâîðà.
Ââåäåíèå
Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ìàññîïåðåíîñà ïðè èëüòðàöèè ðàñòâîðîâ
â òðåùèíîâàòî-ïîðèñòûõ ñðåäàõ âûçâàíî íåîáõîäèìîñòüþ îöåíêè ñòåïåíè çàãðÿçíå-
íèÿ ïîäçåìíûõ âîä è âûÿñíåíèÿ ñòðóêòóðû çîí ñìåøåíèÿ ïîäçåìíûõ âîä ðàçíîãî
ñîñòàâà. Ïðè ïîñòîÿííîé êîíöåíòðàöèè íàñûùåíèÿ îñíîâíûå îñîáåííîñòè òàêîãî
ìàññîïåðåíîñà îïèñûâàþòñÿ èçâåñòíûìè ðåøåíèÿìè çàäà÷è î ìèãðàöèè ðàäèîàê-
òèâíîãî çàãðÿçíåíèÿ â òðåùèíîâàòûõ ïîðîäàõ [1, 2℄. Â äåéñòâèòåëüíîñòè êîíöåí-
òðàöèÿ íàñûùåíèÿ, êàê ïðàâèëî, ïåðåìåííà è çàâèñèò îò ñîñòàâà ïîäçåìíûõ âîä.
Îáîáùåíèþ ðåøåíèé [1, 2℄ íà ýòîò ñëó÷àé ïîñâÿùåíà ñòàòüÿ [3℄ (ñì. òàêæå [4℄),
ãäå äàíà ñîîòâåòñòâóþùàÿ ïîñòàíîâêà çàäà÷è è íàéäåíî åå àñèìïòîòè÷åñêîå ðåøå-
íèå äëÿ áîëüøèõ çíà÷åíèé âðåìåíè. Â íàñòîÿùåé ðàáîòå äàíî ïîëíîå àíàëèòè÷å-
ñêîå ðåøåíèå çàäà÷è â ñëó÷àå òèïîâîãî áëîêà íåîãðàíè÷åííîé åìêîñòè. Ïðèâåäåíû
ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ êîíöåíòðàöèè ðàñòâîðà â çîíå ñìåøåíèÿ ïîäçåì-
íûõ âîä.
1. Ïîñòàíîâêà çàäà÷è
Ïðè ñîçäàíèè ìàòåìàòè÷åñêèõ ìîäåëåé ìàññîïåðåíîñà â òðåùèíîâàòî-ïîðèñòûõ
ñðåäàõ îáû÷íî ïðåäïîëàãàåòñÿ, ÷òî ïðîíèöàåìîñòü ïîðèñòîé ìàòðèöû (áëîêîâ) íà
íåñêîëüêî ïîðÿäêîâ íèæå ïðîíèöàåìîñòè òðåùèí. Îòñþäà âûòåêàþò ïðåäñòàâëå-
íèÿ î ñóùåñòâîâàíèè äâóõ îñíîâíûõ ìåõàíèçìîâ ïåðåíîñà  êîíâåêòèâíîãî â òðå-
ùèíàõ è ìîëåêóëÿðíî-äèóçèîííîãî â áëîêàõ [5, 6℄.
àññìîòðèì ðåàêöèþ òðåùèíîâàòî-ïîðèñòîé ñðåäû, çàïîëíåííîé ðàñòâîðîì
ñ ðàâíîâåñíîé êîíöåíòðàöèåé c∗ , íà âíåäðåíèå ïî òðåùèíàì ðàñòâîðà äðóãîãî
ñîñòàâà. Òå÷åíèå ïðåäïîëàãàåòñÿ îäíîìåðíûì, èëüòðàöèîííûé ðàñõîä v  ïîñòî-
ÿííûì. Ïîñòóïàþùèé ðàñòâîð ñîäåðæèò ïàññèâíóþ ïðèìåñü, âëèÿþùóþ íà ðàñ-
òâîðèìîñòü âåùåñòâà ïîðèñòîé ìàòðèöû.
Ìàññîïåðåíîñ â òðåùèíàõ îïèñûâàåòñÿ ñëåäóþùèìè ñîîòíîøåíèÿìè [3℄:
∂
∂x
(
mD
∂c
∂x
)
+ q − v ∂c
∂x
− ∂
∂t
(mc) = 0, x > 0, t > 0; (1)
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c(x, 0) = c∗, x > 0, c(0, t) = c1, c(∞, t) <∞, t > 0. (2)
Çäåñü
q = q1 + q2, (3)
q1 = γ(c0 − c), (4)
c0(θ) = νθ + c∗, (5)
x  ïðîäîëüíàÿ êîîðäèíàòà, t  âðåìÿ, c  êîíöåíòðàöèÿ ðàñòâîðÿþùåãîñÿ âåùå-
ñòâà â æèäêîñòè, v  èëüòðàöèîííûé ðàñõîä, D  ýåêòèâíûé êîýèöèåíò
äèóçèè, q1  ïîòîê ðàñòâîðåííîãî âåùåñòâà ñî ñòåíîê òðåùèíû [7℄, θ  êîíöåí-
òðàöèÿ ïàññèâíîé ïðèìåñè [8℄, γ , ν  ïîñòîÿííûå, c∗  ðàâíîâåñíàÿ êîíöåíòðàöèÿ
ðàñòâîðà ïðè θ = 0 , q2  ïîòîê ðàñòâîðåííîãî âåùåñòâà èç áëîêîâ, m  åìêîñòü
òðåùèí.
Âåëè÷èíà q2 îïðåäåëÿåòñÿ èç ðåøåíèÿ âñïîìîãàòåëüíîé çàäà÷è î ìàññîïåðåíîñå
â òèïîâîì áëîêå [6℄ (íèæå ïàðàìåòðû áëîêà ïîìå÷åíû òèëüäîé):
∂
∂y
(
m˜D˜
∂c˜
∂y
)
+ γ˜(c0 − c˜)−
∂
∂t
(m˜c˜) = 0, (6)
c˜(y, 0) = c∗, c˜(0, t) = c(x, t), (7)
ïðè÷åì
q2(x, t) = mσD˜
∂c˜
∂y
(0, t), (8)
ãäå σ = 2m˜/H  óäåëüíàÿ ïëîùàäü ¾îêîí¿ èç áëîêîâ â òðåùèíû [1℄, H  ðàñêðûòèå
òðåùèí. àñïðåäåëåíèå ïàññèâíîé ïðèìåñè òàêæå îïèñûâàåòñÿ ñîîòíîøåíèÿìè (1)
(8) ïðè c = θ , γ = ν = c∗ = 0 è θ(0, t) = θ0 â (2).
Ìàòåìàòè÷åñêàÿ ìîäåëü ìàññîïåðåíîñà â âèäå (1)(8) îòðàæàåò îñíîâíûå ÷åðòû
îðìèðîâàíèÿ è ñòðóêòóðû çîí ñìåøåíèÿ êàê ïðè ïåðåòîêå ïîäçåìíûõ âîä èç
ìàññèâà ãîðíûõ ïîðîä îäíîãî ñîñòàâà â ìàññèâ äðóãîãî ñîñòàâà, òàê è ïðè ìèãðàöèè
çàãðÿçíåíèé èç êîìïàêòíîé çîíû ìàññèâà. ðàíè÷íîå óñëîâèå â (7) îòâå÷àåò ñëó÷àþ
áëîêà íåîãðàíè÷åííîé åìêîñòè (ïîëóïðîñòðàíñòâî). Íà âðåìåíàõ t ≪ L2D˜ (L 
õàðàêòåðíûé ëèíåéíûé ðàçìåð áëîêà) ñîîòíîøåíèÿ (6), (7) îïèñûâàþò ïðîöåññ
ìàññîïåðåíîñà â áëîêå ëþáîé êîíèãóðàöèè [5℄.
2. Àíàëèòè÷åñêîå ðåøåíèå çàäà÷è
Ïðè ïîñòðîåíèè ðåøåíèÿ çàäà÷è (1)(8) èñïîëüçîâàëîñü ïðåîáðàçîâàíèå Ëàï-
ëàñà. àñïðåäåëåíèå ïàññèâíîé ïðèìåñè äëÿ òðåùèíû â ïðîñòðàíñòâå èçîáðàæåíèé
îïèñûâàåòñÿ ñëåäóþùèì ñîîòíîøåíèåì:
θ(x, s) =
θ0
s
exp
[
vx
2mD
(
1−
[
1 +
4m2D
v2
(
s+ σD˜1/2s1/2
)]1/2)]
,
ãäå s  ïàðàìåòð ïðåîáðàçîâàíèÿ Ëàïëàñà. Çàäà÷à î ðàñïðåäåëåíèè ïðèìåñè â
áëîêå ÿâëÿåòñÿ ñòàíäàðòíîé çàäà÷åé òåïëîïðîâîäíîñòè äëÿ ïîëóîãðàíè÷åííîé îá-
ëàñòè [9℄, à ïðè èçâåñòíîì ðàñïðåäåëåíèè ïðèìåñè çàäà÷à (5)(7) ñâîäèòñÿ ê çàäà÷å
òåïëîïðîâîäíîñòè ñ ðàñïðåäåëåííûìè èñòî÷íèêàìè òåïëà (ñì. [10℄). Íàêîíåö, îð-
ìóëà (8) ïîçâîëÿåò íàéòè â ÿâíîì âèäå ïðåäñòàâëåíèå äëÿ âåëè÷èíû q2 ïîòîêà èç
áëîêîâ â òðåùèíó [3℄.
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Â ðåçóëüòàòå äëÿ îïðåäåëåíèÿ êîíöåíòðàöèè ðàñòâîðà â òðåùèíå ïîëó÷èì óðàâ-
íåíèå â èçîáðàæåíèÿõ:
mD
d2w
dx2
− ν dw
dx
−
(
γ +m
[
s+ σD˜1/2(s + β)1/2
])
w +
+ C
(
γ +mσD˜1/2
[
(s+ β)1/2 − s1/2
]) θ(x, s)
θ0
= 0. (9)
Çäåñü w(x, s) = (c − c∗)/(c1 − c∗)  áåçðàçìåðíàÿ êîíöåíòðàöèÿ, β = γ˜/m˜ , C =
= νθ0/(c1 − c∗) . åøåíèå óðàâíåíèÿ (9) ïðè êðàåâûõ óñëîâèÿõ, êîòîðûå ñëåäóþò
èç îðìóëû (2), èìååò âèä:
w(x, s) =
1
s
(1− C) ×
× exp
[
vx
2mD
(
1−
[
1 +
4mD
v2
(
γ +m
[
s + σD˜1/2(s+ β)1/2
])]1/2)]
+
+
C
s
exp
[
vx
2mD
(
1−
[
1 +
4m2D
v2
(
s + σD˜1/2s1/2
)]1/2)]
. (10)
Äëÿ âîññòàíîâëåíèÿ îðèãèíàëà ïî îðìóëå (10), êàê è â ðàáîòå [1℄, èñïîëüçîâàíî
ïðåäñòàâëåíèå, ïåðåâîäÿùåå ýêñïîíåíòó â èíòåãðàë [11℄:
exp(−a) = 2√
π
∞∫
0
exp
(
−u2 − a
2
4u2
)
du. (11)
Ýòî ïîçâîëÿåò íàéòè íåîáõîäèìîå îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà è, òåì ñà-
ìûì, ðàñïðåäåëåíèå êîíöåíòðàöèè ðàñòâîðà:
w(x, t) = (1− C)I(x, t) + CI0(x, t), (12)
I(x, t) =
1√
π
∞∫
ℓ
exp
[
vx
2mD
−
( vx
2mD
)2 1
u
(
1
4
+
γmD
v2
)
− u2
]
×
×
[
exp
(
−Y
√
β
)
erfc
(
Y
2T
− T
√
β
)
+ exp
(
Y
√
β
)
erfc
(
Y
2T
+ T
√
β
)]
du, (13)
Y =
σx2
4u2
√
D˜
D
, T =
(
t− Y
σ
√
D˜
)1/2
, ℓ =
x
2
√
Dt
, (14)
I0(x, t) = I(x, t) ïðè γ = β = 0. (15)
àñïðåäåëåíèå êîíöåíòðàöèè ðàñòâîðà, îïèñûâàþùåå ñòðóêòóðó ñòàöèîíàðíîé
çîíû ñìåøåíèÿ, íàõîäèòñÿ èç îðìóëû (13):
w(x,∞) = (1 − C) exp
 vx
2mD
1−
1 + 4γmD
v2
+
4
√
βD˜m2Dσ
v2
1/2

+ C. (16)
Ñëåäóåò ïîä÷åðêíóòü, ÷òî óïîìÿíóòàÿ ñòàöèîíàðíàÿ çîíà âîçíèêàåò â ðåçóëü-
òàòå âëèÿíèÿ íà ìàññîïåðåíîñ èñòî÷íèêîâ êîíöåíòðàöèè îò âçàèìîäåéñòâèÿ ðàñ-
òâîðà ñ ïîðîäîé, à èõ âåëè÷èíû â îðìóëàõ (4) è (6) çàâèñÿò îò γ è β  êîíñòàíò
ñêîðîñòåé ðàñòâîðåíèÿ â òðåùèíàõ è áëîêàõ [3℄.
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èñ. 1. Êîíöåíòðàöèÿ ðàñòâîðà äëÿ íèçêîñêîðîñòíîãî ïîòîêà â ðàçëè÷íûå ìîìåíòû âðå-
ìåíè: êðèâûå 15 ñîîòâåòñòâóþò çíà÷åíèÿì t = 10 , 10
2
, 10
3
, 10
4
, ∞
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5
èñ. 2. Êîíöåíòðàöèÿ ðàñòâîðà äëÿ âûñîêîñêîðîñòíîãî ïîòîêà â ðàçëè÷íûå ìîìåíòû âðå-
ìåíè: êðèâûå 15 ñîîòâåòñòâóþò çíà÷åíèÿì t = 10 , 10
2
, 10
3
, 10
4
, ∞
Ïî îðìóëàì (12)(16) ïðîâåäåí ðÿä ÷èñëåííûõ ðàñ÷åòîâ ïðè ðàçëè÷íûõ çíà-
÷åíèÿõ ïàðàìåòðîâ ïðîöåññà. àñ÷åòû èëëþñòðèðóþòñÿ ðèñ. 13.
Íà ðèñ. 1 èçîáðàæåíû êðèâûå çàâèñèìîñòè áåçðàçìåðíîé êîíöåíòðàöèè ðàñ-
òâîðà îò êîîðäèíàòû òî÷êè (â ìåòðàõ) äëÿ ðàçëè÷íûõ ìîìåíòîâ âðåìåíè (â ñóò-
êàõ) ïðè ñëåäóþùèõ çíà÷åíèÿõ ïàðàìåòðîâ: v = 0.5 · 10−3 ì/ñóò, m = 10−2 ,
σ = 103 ì−1 , D = 5 · 10−2 ì2 /ñóò, D˜ = 10−5 ì2 /ñóò, β = 5 · 10−4 ñóò−1 , γ =
= 10−3 ñóò−1 , C = 10−1 .
Ñ÷èòàÿ ïðèâåäåííûé âûøå âàðèàíò çàäàíèÿ ïàðàìåòðîâ èñõîäíûì, èçìåíèì â
íåì çíà÷åíèå èëüòðàöèîííîãî ðàñõîäà. Íà ðèñ. 2 èçîáðàæåíû ñîîòâåòñòâóþùèå
êðèâûå äëÿ çíà÷åíèÿ v = 2.5 · 10−2 ì/ñóò.
Ñîïîñòàâëåíèå ðåçóëüòàòîâ ðàñ÷åòîâ, ïðåäñòàâëåííûõ íà ðèñ. 1 è 2, ïîêàçûâàåò,
÷òî êîíöåíòðàöèÿ ðàñòâîðà ïðè èêñèðîâàííûõ çíà÷åíèÿõ êîîðäèíàòû è âðåìåíè
ñ ðîñòîì èëüòðàöèîííîãî ðàñõîäà âîçðàñòàåò.
ÑÌÅØÅÍÈÅ ÏÎÄÇÅÌÍÛÕ ÂÎÄ ÀÇÍÎÎ ÑÎÑÒÀÂÀ. . . 95
2.5 5 7.5 10 12.5 15 17.5 20
 0.2
 0.4
 0.6
 0.8
1
),( txW
x
1
2 3 4
5
èñ. 3. Êîíöåíòðàöèÿ ðàñòâîðà ïðè çíà÷åíèè êîýèöèåíòà äèóçèè â ïîðàõ, D˜ =
= 10
−4
ì
2
/ñóò
Íà ðèñ. 3 ïîêàçàíû ñîîòâåòñòâóþùèå êðèâûå äëÿ êîíöåíòðàöèè ðàñòâîðà â ñëó-
÷àå, êîãäà ïî ñðàâíåíèþ ñ èñõîäíûìè äàííûìè ýåêòèâíûé êîýèöèåíò äè-
óçèè â ïîðàõ áîëüøå â 10 ðàç.
Ñîïîñòàâëåíèå ðèñ. 1 è 3 ïîäòâåðæäàåò àêò óìåíüøåíèÿ êîíöåíòðàöèè ðàñ-
òâîðà â òðåùèíàõ ñ ðîñòîì âåëè÷èíû D˜ âñëåäñòâèå äåéñòâèÿ ìîëåêóëÿðíî-äè-
óçèîííîãî ìåõàíèçìà â ïîðàõ.
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Summary
E.V. Skvortsov, E.A. Kosterina, D.R. Akhmetshina. The Mixing of Groundwaters of
Dierent Compositions in Craked-Porous Media.
The mass transfer of groundwaters of dierent ompositions in saturated raked-porous
media has been studied for the ase of one-dimensional ltration. The solubility of the porous
matrix substane due to the inuene of the liquid entering the medium through the raks
has been taken into aount. Using the Laplae transformation, an analytial solution to the
problem of determining the onentration of the solute generated during suh mass transfer
has been obtained. The results of the orresponding alulations for the solute onentration
distribution at dierent time points are given.
Key words: omposition of groundwater, pollution, raked-porous media, mass transfer,
solute onentration.
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